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The authors present the results of a photoelastic study of the tempera- 
ture stresses and displacements in plane wedges. The stresses are de- 
termined for a heat source of length l placed at the apex of the wedge 
and at distances l and 2 l from the apex. 

A number  of t e chn i ca l  p r o b l e m s  r e d u c e  to the ques-  
t ion of f inding the t h e r m a l  s t r e s s e s  in p lane  wedges .  
Such p r o b l e m s  a r e  encoun te red  in the s tudy of 
m e c h a n i c a l  f r ic t ion ,  in m e t a l - w o r k i n g  with cut t ing 
and ab rad ing  too ls ,  e tc .  The  magni tude  and d i s t r i b u -  
t ion of the  t h e r m a l  s t r e s s e s  have a c o n s i d e r a b l e  i n -  
f luence  on the o p e r a t i n g  p r o p e r t i e s  of mach ine  p a r t s  
and tools .  Thus,  fo r  example ,  in a n u m b e r  of c a s e s  
the t e m p e r a t u r e  s t r e s s e s  in cu t t ing  tools ,  t oge the r  
with the  m e c h a n i c a l  s t r e s s e s  due to e x t e r n a l  f o r c e s ,  
m a y  c a u s e  c rack ing ,  chipping,  and spa l l ing  of the  cu t -  
t ing edges .  

The  c a u s e s  and d i s t r i bu t i on  of t h e r m a l  s t r e s s e s  in 
wedges  a r e  insuf f i c ien t ly  unders tood .  Th i s  is  b e c a u s e  
of the  s e r i o u s  d i f f i cu l t i e s  f ac ing  an ana ly t i ca l  o r  e x -  
p e r i m e n t a l  i nves t iga t ion  of these  s t r e s s e s .  

We have  s tud ied  the t e m p e r a t u r e  s t r e s s e s  in wedges  
us ing  heated m o d e l s  made  f r o m  op t i ca l l y  ac t ive  m a t e -  
r i a l s  us ing  the p h o t o e l a s t i c  method  d e s c r i b e d  in [1, 2]. 

We wil l  c o n s i d e r  the  method  of s t r e s s  d e t e r m i n a -  
t ion with r e f e r e n c e  t o t h e  exampIe  of a p lane  wedge 
(cut t ing tool).  The  hea t  t r a n s f e r  condi t ions  at  the  s u r -  

f a c e s  of the wedge a r e  shown s c h e m a t i c a l l y  in F ig .  
l a .  A s o u r c e  of  un i fo rm  in t ens i ty  qs s i m u l a t e s  h e a t -  

ing of the wedge by  the chip,  and a s ink q0 t akes  into 
account  hea t  exchange  with the cool ing  m e d i u m  in a c -  

c o r d a n c e  with Newton ' s  law. When hea t ing  of the 
wedge is  due to s e v e r a l  s o u r c e s  of d i f f e r en t  in tens i ty ,  

i t  is  convenien t  to d iv ide  the  so lu t ion  of the  b a s i c  
p r o b l e m  into a n u m b e r  of componen t  p r o b I e m s  ( s ee  

Fig.  lb ,  c, d). The  t e m p e r a t u r e  f i e ld  of F ig .  l a  can  

be  r e p r e s e n t e d  as  the r e s u l t  of s u p e r i m p o s i n g  the 
f i e lds  due to s o u r c e s  ql, q2, q3. F o r  s impl i c i ty ,  the 
cont inuous v a r i a t i o n  of the  r a t e  of hea t  t r a n s f e r  along 
the length of the working s u r f a c e  of the wedge has  
been  r e p l a c e d  by  the ac t ion  of two hea t  s inks  q2 and qz 
of length l ,  which is  p e r f e c t l y  p e r m i s s i b l e  [3]. The 
r e l a t i o n s  be tween the f lux i n t e n s i t i e s  of the b a s i c  
p r o b l e m  (Fig .  la)  and i t s  componen t s  (F ig .  lb ,  c, d) 
can be  found f r o m  an examina t ion  of the  t e m p e r a t u r e s  
at  any po in ts  on the  wedge. 

F o r  the  b a s i c  p r o b l e m  the t e m p e r a t u r e s  at  po in ts  
1, 2, 3 on the work ing  s ide  of the wedge  at  the c e n t e r  
of s e g m e n t s  of length I can be  e x p r e s s e d  in t e r m s  of 
the t e m p e r a t u r e s  at  the  s a m e  poin ts  fo r  the  c o m p o -  
nent  p r o b l e m s  as  fol lows:  

0 (1) = 011 - -  0 ,2  - -  013, 

0 (2) = 0 2 t - -  0 ~  - -  03a, 

0 (3) = O31 - -  033 - -033-  (1) 

The t e m p e r a t u r e  on the r igh t  s ide  of t he se  equat ions  
can be  c a l c u l a t e d  a n a l y t i c a l l y  o r  d e t e r m i n e d  e x p e r i -  
men ta l ly .  F i g u r e  lb ,  c, d shows g r a p h s  of the  v a r i a -  
t ion of the d i m e n s i o n l e s s  t e m p e r a t u r e  | on the  w o r k -  
ing s u r f a c e  of the  wedge ob ta ined  by  e l e c t r i c a l  s i m u -  
la t ion  of the  t e m p e r a t u r e  f i e lds  on an EHDA-9/60  
i n t e g r a t o r  [3, 4]. 

The t r a n s i t i o n  f r o m  d i m e n s i o n l e s s  t e m p e r a t u r e  
f i e lds  to ac tua l  t e m p e r a t u r e s  can be  b a s e d  on the fo l -  
lowing known [4] r e l a t i o n s :  

0 (1) qll q2t q3 t 
~, L 1 ~, L 2 ~ L3 

qll - -  q21 __ qa__~l 
0 (2) = ~, L1- xz 1 k L2 • k L 3 g~s '  

qll __ q~___~l qal 
0 ( 3 ) =  kLl '  u31 k L  •  u33 . . . .  (2) 
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Fig .  t .  D i a g r a m  i l l u s t r a t i n g  the  p r o c e s s  of hea t ing  of a 

cu t t ing  edge :  a ) b a s i c  p r o b l e m ;  b, c, d) i t s  componen t s .  
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Fig.  2. S t r e s s  pa t t e rns  obtained at d i f fe ren t  ins tants  of t i m e  
a f t e r  beginning to heat  a wedge with angle/? = 50 ~ A sou ree  
of length I = 14 mm was loca ted  at the apex of the wedge. 

The s ca l e  is indica ted  in the photograph at bot tom right .  

The va lues  of the quant i t ies  ~411, ~o12, ~13 . . . . .  ~t33 
and L 1, L2, I~ a r e  obtained by e l e c t r i c a l  s imula t ion .  

It is c l e a r  f r o m  (1) and (2) that if the t e m p e r a t u r e s  
at points  1, 2, 3 a r e  known, the t e m p e r a t u r e s  fo r  the 
component  p r o b l e m s  can be found eas i ly .  However ,  

the component  p r o b l e m s  w e r e  s imu la t ed  s e p a r a t e l y  by 
the fo l lowing method.  

A mode l  of the wedge was m a d e  f r o m  the opt ica l ly  
s e n s i t i v e  m a t e r i a l  ED6-M and hea ted  by a spec ia l  de -  
v i c e  f i r s t  on the s e g m e n t  l at the apex of the wedge, 
and then on s e g m e n t s  s e p a r a t e d  f r o m  the apex of the 
wedge by d i s t ances  ~ and 2l, r e s p e c t i v e l y .  Sinee the 
v a r i a t i o n  of t e m p e r a t u r e  o v e r  the length of s o u r c e s  
qJ, q2, and q3 is  only slight,  as  may  be seen f r o m  
Fig.  lb,  c, d, the h e a t e r  can be made  so as to ensu re  
a cons tan t  t e m p e r a t u r e  on a g iven  contac t  sec t ion  b e -  
tween model  and hea t e r .  In our  e x p e r i m e n t s  a con-  
s tant  t e m p e r a t u r e  of 60 ~ C was ma in t a ined  at the end 

f ace  of the h e a t e r .  Up to this  t e m p e r a t u r e  the e l a s t i c  
modulus  and opt ica l  constant  of the a b o v e - m e n t i o n e d  

mode l  m a t e r i a l  do not v a r y  [1, 2]. On the cooled  s e e -  
tion of the wedge  in s e p a r a t e  mode l ing  it is  convenient  
to r e p l a c e  the hea t  dra in  to the su r round ing  m e d i u m  by 

heat ing,  s ince  this change subsequent ly  af fec ts  only 
the sign of the s t r e s s e s .  In the p r o c e s s  of s imula t ion  
the s t r e s s  pa t t e rn  was o b s e r v e d  udth a KST-5 p o l a r i m -  
e t e r  and pho tographed  with a v io l e t  f i l t e r  (wavelength 
435.8 pp). In th is  way we r e c o r d e d  the v a r i a t i o n  of the 

s t r e s s  p a t t e r n  f r o m  the m o m e n t  of appl ica t ion  of the 
h e a t e r  to the m o m e n t  when the pa t t e rn  r e m a i n e d  a l -  
m o s t  unchanged o v e r  a lengthy heat ing  pe r iod  (in our  

e x p e r i m e n t s  10 min). F i g u r e  2 shows s t r e s s  pa t t e rn s  

for  a wedge with an angle/~ = 50 ~ ob t a inedby the  me th -  
od d e s c r i b e d  above at va r ious  ins tants  f r o m  the beg in -  
ning of heat ing.  F r o m  such s t r e s s  pa t t e rn s  we con-  
s t ruc t ed  c u r v e s  (Fig. 3) showing the va r i a t i on  of the 
m a x i m u m  s t r e s s e s  as a function of hea t ing  t i m e  and 
the pos i t ion  of the h e a t e r  r e l a t i v e  to the apex. 

It is clear from Fig. 3 that the maximum stresses 

appear at the moment of application of the heater. The 

value of the maximum stresses is roughly the same 

irrespective of the wedge angle ~. Extrapolating the 

stress curves to intersection with the ordinate axis, 

we obtain approximate values for the maximum 

stresses (7* of about 650 N/crn 2. 
The maximum stresses or* can be calculated theo- 

retically and compared with the experimental results. 
For a plane wedge [5] the stresses can be found from 

the formula 
o* = - -  c E  h0. (3) 

In our  e x p e r i m e n t  A| = 60 ~  ~ = 38 ~ C (22 ~ C is the 

t e m p e r a t u r e  of the ambient  medium,  60 ~ C is the 
t e m p e r a t u r e  at the face  of the hea ter ) .  F o r  ED6-M 
m a t e r i a l  oz-- 52 �9 106 , E = 3 . 3 - 3 . 5 1 "  105 N / e m  2. 

Substi tut ing the above data in (3), we obtain o-* = 
= 670 N / c m  2. As may be seen  f r o m  this example ,  the 
m a x i m u m  s t r e s s e s  obta ined e x p e r i m e n t a l l y  and c a l -  
cu la ted  t h e o r e t i c a l l y  a r e  in good ag reem en t .  It can be 
seen  f r o m  Fig.  3 that  as hea t ing  cont inues  the s t r e s s e s  
fa l l .  In i t ia l ly  this  d e c r e a s e  is v e r y  rapid ,  then it 
s lows somewhat .  The s t r e s s e s  a r e  s t ab i l i zed  about 
10 rain a f t e r  the beginning of heat ing.  At this point the 
m a x i m u m  s t r e s s e s  in the mode l  have  fa l l en  by a f a e -  

t o t  of about 3 -5 .  The  s m a l l e r  the wedge angle  and the 
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Fig .  3 Max imum s t r e s s e s  ~, N / c m  2, on the h e , t e d  s ide  of a wedge  with wedge  angle fl = 90 ~ (a) 
and 70 ~ Co). Fo = a T / l  2 (T in sec) .  
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c lose r  the heat  sou rce  to the apex, the g r ea t e r  the fall  
in m a x i m u m  s t r e s s e s .  In Fig. 4 we have plotted curves  
of the n o r m a l  c o m p r e s s i v e  s t r e s s e s  along the contour  
of the model  for  the s t eady- s t a t e  t e m p e r a t u r e  f ield 
(r > 10 min).  It is c l ea r  that the genera l  na tu re  of the 
s t r e s s  d i s t r ibu t ion  is roughly the same  for al l  wedge 
angles.  The max imum s t r e s s e s  developed on the 
heated side of the model .  The s t r e s s  m a x i m u m  occurs  
at a ce r t a in  d i s tance  f rom the apex i r r e s p e c t i v e  of the 
pos i t ion  of the source .  

Fig.  4. Normal  c o m p r e s s i v e  s t r e s s e s  a, 
N / c m  2, a long contour  of model:  i )  hea t  
source  at apex, 2) at d i s tance  l f rom 

apex, 3) at d i s t ance  21 f rom apex. 

Knowing the t e m p e r a t u r e  s t r e s s  d i s t r ibu t ion  on the 
model,  we can d e t e r m i n e  the s t r e s s e s  in r ea l  wedges. 
In the ca se  of a p lane  s ta te  of s t r e s s  [5] the s t r e s s  
components  can be found f rom the f o r m u l a s  

0 2 �9 a 2 @ o ~ 0  (4) a~=-~-y2 ' ~ y =  Ox ~ , ~ x v =  OxOg'  

where  �9 is a s t r e s s  funct ion sa t i s fy ing  the equation 

V4@ + a E v 2 0  ----- O. (5) 

Using f o r m u l a s  (4) to d e t e r m i n e  the s t r e s s e s  in the 
wedge and the model  and taking t he i r  ra t io ,  we obtain 

We in t roduce  s i m i l a r i t y  sca l e s  for  the l i nea r  d i -  
mens ions ,  t e m p e r a t u r e ,  and m e c h a n i c a l  c h a r a c t e r i s -  

t ics :  

l 0 �9 
= - - "  Kq,= O" K~ = -F  ; Ko 0 "  

Ka = a Ke = ~ (7) 
a ~ E r 

The coeff ic ients  K 1 and KO a r e  independent,  and the 
coeff icient  K@ is de t e rmined  in t e r m s  of the other  
coeff ic ients  by applying Eq. (5) to the wedge and the 
model .  This  enables  us to obtain 

Kr = K.  Ke Ko�9 

Accordingly,  we can r e w r i t e  re la t ions  (6) in the form 

o~=K~KeKoa'~, % = K ~ K e K o a "  U, 

xxu = K.  K~ Ko ~... (8) 

If we subs t i tu te  in (8) the va lues  of the mechan ica l  
c h a r a c t e r i s t i c s  and the heat ing t e m p e r a t u r e  of the 
model  (in our  case |  60 ~  a = 5 2 -  106, E = 3 . 3 -  
3.51 �9 105 N/cm 2, we obtain 

o u=O,Ol5aEOo~,  ay-=O.O15aEOo'y, 

"rxy = 0.015 a E OT~u. (9) 

Equations (9) can be used to ca lcu la te  the s t r e s s e s  at 
the contour  of the r ea l  wedge for the per iod  of s t a t ion -  
a ry  heat  t r ans f e r .  

F igu re  5 shows the va r i a t i on  of the s t r e s s e s  along 
the hea ted  contour  in wedges made  of d i f fe rent  tool 
m a t e r i a l s  when the average  t e m p e r a t u r e  on the con-  
tact  length (0 -< {b -< 1) is equal to 570 ~ 

It is c l e a r  f rom Fig. 5 that at the same  heat ing 
t e m p e r a t u r e  the m a x i m u m  s t r e s s e s  occur  in wedges 
made  of al loy VK8 and the m i n i m u m  s t r e s s e s  in d ia -  
mond wedges. The s t r e s s e s  at  the ins tan t  of contact  
be tween the cut t ing edge and the pa r t  a re  ca lcu la ted  
f rom Eq. (3)�9 F o r  example,  for  a wedge made  of VK8 
a l l o y ( a = 5 . 5 "  10 -6 , E = 5 . 4 "  10 ? N / c m  2) at a t e m -  
p e r a t u r e  (9 = 570 ~ the m a x i m u m  s t r e s s e s  will  be  1680 
N/ram 2. Under  s i m i l a r  heat ing condit ions the m a x i -  
m u m  s t r e s s e s  in d iamond cu t t e r s  (~ = 1.2 �9 10 -6, E : 
= 8.25 �9 10 ? N / c m  2) will  be only about 370 N / m m  2. 
This  calcula t ion,  without c l a iming  to d e s c r i b e  eve ry  
aspect  of the mat te r ,  does show that at the s ame  cu t -  
t ing t e m p e r a t u r e s  a d iamond tool exper i ences  lower  
t he r ma l  s t r e s s e s .  

f 2 3 ,~ 

o.5 t.0 f.5 go 2.5 3,o 

Fig, 5. No rma l  eompress ive  s t resses o, N / c m  2, 
along heated eontour of wedges (~ = x/l) made of 
d i f fe ren t  m a t e r i a l s  [1) diamond; 2) R18 and 
T15K6; 3) VK6; 4) VK8]. Wedge angle 3 = 70 ~ 

heat  sou rce  on length l .  

F o r  other  cut t ing m a t e r i a l s  the s t r e s s e s  cannot  be 
compared  so le ly  on the ba s i s  of the individual  cu rves  
in Fig.  5. In fact,  owing to the d i f fe ren t  t h e r m a l  con-  
duct iv i t ies  of the tool m a t e r i a l  under  the s ame  cut t ing 
condi t ions  d i f fe ren t  t e m p e r a t u r e s  develop at the work-  
ing su r f aces  of cu t t e r s  made  of d i f fe rent  m a t e r i a l s ,  
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which is not taken into account  in Fig. 5. A f ina l  con-  
c lus ion  c o n c e r n i n g  the t e m p e r a t u r e  s t r e s s e s  and ef-  
f ic iency of a given wedge m a t e r i a l  m u s t  be based  on 
specif ic  hea t ing  condi t ions  with al lowance for the 
the rmophys ica l  and mechan ica l  c h a r a c t e r i s t i c s  of the 
wedge m a t e r i a l .  

After determining the stresses it is possible to find 

the displacement of individual points of the model and 

then calculate the displacement in the real wedge. 
This is necessary, for example, in order to find the 

temperature errors due to thermal displacements of 

the cutting edge. 
From known relations for the plane problem 

0u 1 

using (8) we find the d i sp l acemen t s  along the s ideof  the 
wedge on a s egmen t  of length l~ 

0 0 

since on the contour Cry = 0. In the latter equation the 

integrands are the areas of the model temperature and 

stress diagrams. 
In order to determine the first integral it is neces- 

sary to know the temperature distribution over the 

model. Using the graphs of Fig. 1, by planimetry we 
t~ 

can find the value of I | for any of the three posi- 

tions of the heating source. For example, when the 

source is located at the apex of the wedge (for /3 = 70 ~ ) 

the value of this integral is 3650 deg �9 mm (11 was 
taken equal to 10D. The second integral can be found 

by planimetry of the curves in Fig. 4. For example, 

for a wedge with fl = 70 ~ and a source located in the 

first position the value of the integral will be 4.5 N/mm. 

As may be seen from Eq. (10), the displacement 

along the side of the wedge depends on two compo- 

nents, the first of which corresponds to the free tem- 

perature expansion of the wedge under the influence of 

the temperature field, while the second reflects the 

effect of the temperature stresses preventing the free 

temperature expansion of the wedge. Calculations 

based on (i0) show that the value of the second term 

is usually one order smaller than the first. Conse- 

quently, in practical calculations it can be neglected 

and the d i sp lacemen t  found f rom the fo rmula  

It 

u~K~Koa t" | (1]) 

NOTATION 

| | and | r e p r e s e n t  t e m p e r a t u r e  at points  
1, 2, and3 on s ideofwedge ,  r e spec t ive ly ;  | and O 2 are 
the t e m p e r a t u r e s  at point  1 due to sources  ql, q2, etc. ,  
X is t he r ma l  conduct ivi ty  of wedge m a t e r i a l  ; Ls, L2, and 
L 3 a re  model  shape fac tors  for sources  located in posi-  
t ions 1, 2, a n d 3  (for wedge wi th~  =70  ~ , L 1 =0.184,  
L 2 = 0.209, L3 = 0.210); ~oll is the d i m e n s i o n l e s s  quan-  
t i ty indica t ing  the f rac t ion  of the m a x i m u m  t e m p e r a -  
tu re  r e p r e s e n t e d  by the t e m p e r a t u r e  at point I due to 
source  ql (the quant i t ies  z12, z13 . . . . .  z33 a r e  s i m i -  
l a r ly  in te rpre ted) ;  I is the length of heat  source ;  11 is 
the length on which d i sp lacemen t  of the wedge is con-  
s idered;  ~ a re  s t r e s s e s  in cut ter ;  ~ '  a r e  s t r e s s e s  in 
model;  ~* a r e  m a x i m u m  s t r e s s e s ;  a is  the coeff ic ient  
of l i n e a r  expansion;  E is  the modulus  of e las t i c i ty  of 
f i r s t  kind; A| is  t e m p e r a t u r e  d i f fe rence  between m o d -  
el and ambien t  m e d i u m ;  a x, ay, and Txy are  the s t r e s s  
components  in wedge; ex is the r e l a t ive  s t r a i n  in d i -  
r ec t ion  of x -ax i s  ; u is the d i sp l acemen t  in d i r ec t ion  of 
x-axiS ; p is Poisson' s ratio. A prime indicates a mod- 

el quantity. 
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